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Konigsberg Bridge Problem

Can the seven bridges of the city of Kdnigsberg
be traversed in a single trip without doubling back
(the trip ends in the same place it began).

CSIEB0100 Data Structures Graphs 3

Euler’s Graph

The resolution of the problem by Leonhard
Euler in 1736 laid the foundations of graph
theory and prefigured the idea of topology.

Degree of a vertex: no. edges incident to it.

Euler showed that there is a walk starting at any
vertex, going through each edge exactly once
and terminating at the start vertex iff the degree
of each vertex is even. This is called an Eulerian
walk(Eulerian cycle).

No Eulerian walk of the Konigsberg bridge
problem since all four vertices are of odd edges.
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The Rise of Social Media

= Social media is one of the greatest invention of
21st century. (Facebook, YouTube, WhatsApp,
Instagram, WeChat, TikTok, Twitter, ...)

= More than 4.7 billion people (~60% of the world’s
population) use social media. (2023)

= Many services on social media are based on
analyzing and exploring the social relationships
among users.

= Social relationships are best represented by
social graph. (next slide)
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| Social Graph

= A social graph is a diagram that represents the
social relationships between entities.

SOCIAL . (‘E‘

NETWORK

(https://cn.depositphotos.com/vector-images/social-networks.html)
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Application of Graphs

Analysis of electrical circuits

Finding shortest routes

Project planning

|dentification of chemical compounds
Statistical mechanics

Genetics

Cybernetics

Linguistics

Social Sciences
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|Big Graph Analytics

= Real-world
graphs can
be HUGE !!

= Big graph
analytics is
ahotarea - >
of research. -7

= Evenused -
in fighting
terrorism!
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Definition of a Graph

= Agraph, G=(V, E), consists of two sets, V and E.
o Vs afinite, nonempty set of vertices.
o Eis set of pairs of vertices called edges.

= The vertices of a graph G can be represented as V(G).

= Likewise, the edges of a graph, G, can be represented
as E(G).

= Graphs can be either undirected graphs or directed
graphs.

= For a undirected graph, a pair of vertices (u, v) or (v, u)
represent the same edge.

= For a directed graph, a directed pair <u, v> has u as the
tail and the v as the head. Therefore, <u, v> and <v, u>
represent different edges. [, ——
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'Three Sample Graphs

@/f\

V(Gy) = {0. 1.2, 3) ={0,1,2, 3,4, V(Gy) = {0, 1, 2}
E(G)) ={0. 1). ©, 5.6) E(Gy) = {<0, 1>, <1
2),(0,3), (1,2), (1,  E(G)={(0,1). (0, 0 o 9wy
3. 3)} 2), (1,3).(1.4). (2, s 2
9), (2, 6)}
(@) G, (b) G, (c) Gs
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Graph Restrictions

= A graph may not have an edge from a vertex
back to itself

o (v, v) or <v, v> are called self edge or self loop.

= A graph may not have multiple occurrences of
the same edge

a Without this restriction, it is called a multigraph.

O g
o—@
5 —
@
(a) Graph with a self edge (b) Multigraph
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| Terminologies of Graph

= Graph: G=(V, E)

= V: a set of vertices (vertex set)

= E: a set of edges (edge set)

= Edge (arc): A pair (v,w), where v, we V

= Directed graph (Digraph): A graph with ordered
pairs (directed edge)

= Adjacent: wis adjacentto vif (vw)eE
= Undirected graph: If (vw)€E, (v,w)=(w,v)
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Terminologies of Graph

Path: a sequence of vertices w,, w,, w;, ..., Wy
where (w, w;,)€E, V1<si<N.

Length of a path: number of edges on the path.
Simple path: a path where all vertices are distinct
except the first and last.

Cycle in a directed graph: a path such that w,=
Wi

Acyclic graph (DAG): a directed graph with no
cycle.
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Paths (Examples)

In the following graph, both {(A,B), (B, E)} and
{(A,B), (B, C), (C, D), (D, E)} are paths.

¥
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Simple Paths

In the following graph, the path on the left is a
simple path while the path on the right is not a

.
BENES

Simple path Not a simple path

Cycles

Here are some examples of cycles and non-
cycles.

Simple path Simple path Simple path
Cycle Cycle Not a cycle

Note 8
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Terminologies of Graph

Connected (for an undirected graph): if there is a
path from every vertex to every vertex.

Strongly connected (for a directed graph): if there
is a path from every vertex to every vertex.

Complete graph: a graph in which there is an
edge between every pair of vertices. (next slide)

The density of a graph is the ratio between the
number of edges and the maximum possible
edges. i.e.

(density) = (# edges) / (# possible edges)
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Complete Graphs

The number of distinct unordered pairs (u, v) with
u#v in a graph with n vertices is n(n-1)/2.

A complete undirected graph is an undirected
graph with exactly n(n-1)/2 edges.

A complete directed graph is a directed graph
with exactly n(n-1) edges.
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Subgraphs

= Asubgraphof Gis a graph G’ such that
V(G )cV(G) and E(G)<SE(G).

@A@?@

(iii)
( ) Some subgraphs of G,
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| Connected Components

= A connected component, H, of an undirected
graph is a maximal connected subgraph.

o By maximal, we mean that G contains no other
subgraph that is both connected and properly contains
H.

o G4 below is a graph with two connected components.
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Strongly Connected Components

A directed graph G is said to be strongly
connected iff for each pair of distinct vertices u
and v in V(G), there is a directed path fromu to v
and also from v to u.

A strongly connected component is a maximal
subgraph that is strongly connected. %

Components of G3

( Strongly Connected

@ @ G3
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Degree of a Vertex

The degree of a vertex is the number of edges
incident to that vertex.

If G is a directed graph, then we define

o In-degree of a vertex: is the number of edges for
which vertex is the head.

o Out-degree of a vertex: is the number of edges for
which the vertex is the tail.

For a graph G with n vertices and e edges, if d; is

the degree of a vertex i in G, then the number of

edgesof G is L

e=(D.d)/2
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Lecture 7: Graphs
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Degree of a Vertex

The degree of node A
is 4.

The in-degree of node @
Ais 1 while the out-

degree is 3. (B) ©
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Abstract Data Type of Graphs

class Graph

{

/* objects: A nonempty set of vertices and a set of
undirected edges where each edge is a pair of vertices */

public:
Graph(); // Create an empty graph
void InsertVertex(Vertex v);
void InsertEdge(Vertex u, Vertex v);
void DeleteVertex(Vertex v);
void DeleteEdge(Vertex u, Vertex v);
Boolean IsEmpty(); //if graph has no vertices return TRUE
List<List> Adjacent(Vertex v);
// return a list of all vertices that are adjacent to v

}s
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Adjacency Matrix Representation

~N OO WN| =
OI00|I0 | QO OO |—
O oo o o|—
OO0 O0|—|W
OO0 =~ |0
= OO~ O0O|O
OO ||~ OO

O—

Space: O(|V]?), good for dense, not for sparse
Undirected graph: symmetric matrix (why?)

0
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Adjacency List Representation

—[2] +4] ;-[3]F
a ” %

—4] 5+
.[6 [
4
/

-5
&—@

—(a] 7]
_.lﬁ :Ij

~NO bW IN|—

Space: O(|V|+|E|), good for sparse graphs
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Adjacency Lists (Examples)
HeadNodes
[0] —— {3 +—{11F+—{2]0]
[1] —12 3 00
[2] 11 +—{3[+—{010]
[3] ——10 +—11[———{2]0]
(a) G; @
HeadNodes <
[0] ——{ifl[E]
[1] 121 +—{010]
[2] 0
(b) Gg

| Sequential Representation of Graph G,

end

|

0 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22

Edges adjacent to vertex O: (0, 1), (0, 2)
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Sequential Representation of Graph G,

end

l

0 1 2 3 45 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22

Edges adjacent to vertex 1: (1, 0), (1, 3)
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| Sequential Representation of Graph G,

end

|

0 1 2 3 45 6 7 8 9 101 12 13 14 15 16 17 18 19 20 21 22
9 M 13 15 17 18 20 22 23 R 3 0 FON G RIN 2N RS0 NG A% B50 N NG
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Inverse Adjacency Lists for G,

Adjacency list
o Out-degree
Inverse adjacency list

o In-degree
@
< [0] 110
@D [1] 0o
[2] 1010
@)
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Adjacency Multilists

In the adjacency-list representation of an
undirected graph, each edge (u, v) is represented
by two entries.

Multilists: To be able to determine the second
entry for a particular edge and mark that edge as
having been examined, we use a structure called
multilists (where nodes may be shared among
several lists).

o Each edge is represented by one node.

o Each node will be in two lists.
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Adjacency Multilists

= Each edge is represented by a node with the
following structure

One bit markto  Starting Ending Next edge Next edge
represent vertex  vertex  node of the node of the
whether the edge starting vertex  ending vertex
has been or NIL if none.  or NIL if none.

examined or not.
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| Adjacency Multilists for G,

HeadNodes
——no | [0 ]1]N1IN3] edge (0, 1)
e ‘9 [1] /:m |_lo]2]N2IN3| edge (0, 2)
Vagv| === e
@ N2 [[0]3]0]N4 eqge (0, 3)
N3 [ [1]2]NdINg| edge (1, 2)

The lists are
Vertex 0: NO -> N1 -> N2 N4 L [113]0IN5| edge (1, 3)
Vertex 1: NO -> N3 -> N4 N5| |2‘3|0|0\edge(2,3)
Vertex 2: N1 -> N3 -> N5
Vertex 3: N2 -> N4 -> N5
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Weighted Edges

Very often the edges of a graph have weights
associated with them.

o Distance from one vertex to another

o Cost of going from one vertex to an adjacent
vertex

To represent weight, we need additional field,
weight, in each entry.

A graph with weighted edges is called a
network.
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Graph Operations

A general operation on a graph G is to
visit all vertices in G that are reachable
from a vertex v.

o Depth-first search
o Breadth-first search

Both search methods work on directed
and undirected graphs.
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Depth-First Search

= Depth First Search(DFS): generalization of
preorder traversal

= Starting from vertex v, process v & then
recursively traverse all vertices adjacent to v.
o Using stack

= To avoid cycles, mark visited vertices
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|DES on Graph G(Adjacency Lists)

DFS from O:
0.1,3,7,4,5 2.6

1111111

HeadNodes

[0] =2

(1] (0] 18] —14]0]

21— {0l =—5 {60

[3] - — e

[4] -

[5]

[6]

[7] 18] 4+—{4[ F—{5] 4—[6]0]
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Analysis of DFS

If G is represented by its adjacency lists, the
DFS time complexity is O(e).

o There are 2e list nodes in the adjacency lists

If G is represented by its adjacency matrix,

then the time complexity to complete DFS is
O(n?).
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Breadth-First Search

Breadth-First search (BFS): level order tree
traversal

BFS algorithm: using queue

To avoid cycles, mark visited vertices

If G is represented by its adjacency lists, the
BFS time complexity is O(e).

If G is represented by its adjacency matrix,

then the time complexity to complete BFS is
O(n?).
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Breadth-First Search

)
& © ®

BFS from A:
A B,DE,C
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| Find Connected Components

= If G is an undirected graph, its connected
components can be determined by calling
DFS or BFS

= Check if there is any unvisited vertex
= Program 6.3 (pp.344) (next slide)
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procedure COMP(G,n)
//connected components of G. G has n=1 vertices.
VISITED is now a local array.//
for 1 = 1 to n do
VISITED(i) = @ //mark all vertices as unvisited//
end
for 1 =1 to n do
if VISITED(i) == © then
call DFS(i); //find a component//
output all newly visited vertices together
with all edges incident to them
end
end COMP
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Connected Components (contd.)

If G is represented by adjacency lists, the time
complexity is O(n+e)

o O(e) for DFS

a O(n) for for loops

If G is represented by adjacency matrix, the
time complexity is O(n?)
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Spanning Trees

= Any tree consisting solely of edges in G and
including ALL vertices in G is called a spanning
tree.
o Can be obtained by using either DFS or BFS.

= A spanning tree is a minimal subgraph, G’, of G
such that V(G’) = V(G), and G’ is connected.
(Minimal subgraph is defined as one with the
fewest number of edges).

= Any connected graph with n vertices must have
at least n-1 edges, and all connected graphs with
n—1 edges are trees. Therefore, a spanning tree
has n—1 edges.
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|A Complete Graph and Its Spanning
Trees

§o b
Yo oe
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Depth-First and Breadth-
First Spanning Trees

(a) DFS (0) spanning tree (b) BFS (0) spanning tree
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| Biconnected Components

= Avertex v of G is an articulation point iff the
deletion of v, together with the deletion of all
edges incident to v, leaves behind a graph that
has at least two connected components.
= e.g., vertices 1, 3, 5, 7 of Figure 6.20(a) (next slide)

= A biconnected graph is a connected graph that
has no articulation points.

= A biconnected component of a connected graph
G is a maximal biconnected subgraph H of G.

o G contains no other subgraph that is both biconnected
and properly contains H.
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A Connected Graph and Its
Biconnected Components

S e
rend]

(a) A connected graph

b) Its biconnected components
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| Biconnected Components

= Two biconnected components of the same
graph can have at most one vertex in common.

= The biconnected components of G partition the
edges of G.
o No edge can be in two or more biconnected
components (why?)
= The biconnected components of a connected,
undirected graph G can be found by using any
depth-first spanning tree of G.
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Biconnected Components

= Edge (u,v) is a tree edge if v was first
discovered by exploring edge (u,v)

= A nontree edge (u, v) is a back edge with
respect to a spanning tree T iff either u is an
ancestor of v or v is an ancestor of u

= A nontree edge that is not a back edge is
called a cross edge.

= In a DFS of an undirected graph G, every
edge of G is either a tree edge or a back edge
(why ?)
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|Tree Edge & Back Edge in a DFS Tree

vertex
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Biconnected Components (contd.)

The root of the depth-first spanning tree is an
articulation point iff it has at least two children.

dfn(w) is defined as the order that w is
discovered by DFS.

Define low(w) as the lowest depth-first number
that can be reached from w using a path of
descendants followed by, at most, one back
edge.

low(w) = min{dfn(w), min{low(x) | x is a child of
w}, min{dfn(x) | (w, x) is a back edge}}
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dfn and low Values for the Spanning
Tree

vertex| O 1 2 3 4 5 6 7 8 9
dfn 5 4 3 1 2 6 7 | 8 9 (10
low 5 1 1 1 1 6 6 6 9 (10
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CSIEB0100 Data Structures

Biconnected Components (contd.)

= Avertex u is an articulation point iff
a u is either the root of the spanning tree and has two or
more children, or
o uis not the root and u has a child w such that low(w) =

dfn(u).

Graphs 55

CSIEB0100 Data Structures

| One Usage of Biconnected

Components
= Ad-hoc network
=

Graphs 56

(a) Without replication

CSIEB0100 Data Structures
Note 28
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One Usage of Biconnected
Components (contd.)

(b) With replication
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| Minimum Cost Spanning Tree

= A minimum-cost spanning tree is a spanning
tree of least cost
o Cost: the sum of the costs (weights) of the edges

in the spanning tree

= Three greedy-method algorithms available to
obtain a minimum-cost spanning tree
o Kruskal’s algorithm
o Prim’s algorithm
o Sollin’s algorithm

Graphs 58
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Minimal Cost Spanning Tree (contd.)

= Constraints
o Must use only edges within the graph.
o Must use exactly n-1 edges.
o May not use edges that produce a cycle.
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| Kruskal’s Algorithm

= Kruskal’s algorithm builds a minimum-cost
spanning tree T by adding edges to T one at a
time.

= The algorithm selects the edges for inclusion in T
in non-decreasing order of their cost.

= An edge is added to T if it does not form a cycle
with the edges that are already in T.

= Theorem 6.1 (Kruskal’s algorithm is correct)
= Time complexity: O(e log e)
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Stages in Kruskal’s Algorithm

©
@ 10/®®

® ® @ ® ® @
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| Stages in Kruskal’s Algorithm (Cont.)

(d)
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Stages in Kruskal’s Algorithm (Cont.)

©
C;? & @
14 16 16
4 C f /@
12 12
22

(9) (h)
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| Prim’s Algorithm

= The set of selected edges forms a tree at all
times when using Prim’s algorithm
o In Prim’s algorithm, a least-cost edge (u, v) is
added to T such that TU{(u, v)} is also a tree. This
repeats until T contains n-71 edges.
= Time complexity
o O(n?)
o Afaster implementation is possible when
Fibonacci heap is used
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Stages in Prim’s Algorithm

(a) () (c)
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| Stages in Prim’s Algorithm (Cont.)
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Sollin’s Algorithm

Contrast to Kruskal’s and Prim’s algorithms,
Sollin’s algorithm selects multiple edges at
each stage

At the beginning, all the n vertices form a
spanning forest

During each stage, a minimum-cost edge is
selected for each tree in the forest.

o The edges selected by vertices 0, 1, ..., 6 are,
respectively, (0,5), (1,6), (2,3), (3,2), (4,3), (5,0)
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Sollin’s Algorithm (contd.)

It's possible that two trees in the forest to
select the same edge. Only one should be
used.

Also, it's possible that the graph has multiple
edges with the same cost. So, two trees may
select two different edges that connect them
together. Again, only one should be retained.

CSIEB0100 Data Structures Graphs 68

Note 34



CSIEB0100 Data Structures Lecture 7: Graphs

Stages in Sollin’s Algorithm

©
10 i o 10 o5 o
O & ©
22 9 22

CSIEB0100 Data Structures Graphs 69

| Graph and Shortest Paths From Vertex
0 to All Destinations

Path Length
10,3 10
2)0,3,4 25
3)0,3,4,1 45
4)0,2 45

(a) Graph (b) Shortest paths from 0

CSIEB0100 Data Structures Graphs 70

Note 35



CSIEB0100 Data Structures Lecture 7: Graphs

Single Source All Destinations:
Nonnegative Edge Costs

= Let S denote the set of vertices (including v,)
to which the shortest paths have already been
found.

o If the next shortest path is to vertex u, then the
path begins at v,, ends at u, and goes through
only vertices that are in S.

o The destination of the next path generated must
be the vertex u that has the minimum distance
among all vertices not in S.

o Select u to become a member of S.
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|Diagram for Example 6.5

Chicago 1500 Boston
San 1200 © 000 250
FranciscWD @ New York
enver 1400
=80 1000 900

00
Los Angeles New Orleans ®) Miami
¢ i 2 3 4 5 6 9
of 0
11300 o
2(1000 800 0
3 1200 0
4 1500 0 250
5 1000 0 900 1400
6 0 1000
7[1700 0 |
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Chicago 1500 @ Boston
250
- 500 ! 20
Francisco New York
Denver 140
300 1000 900
0—m @ 00
Los Angeles New Orleans Miami
Distance[3]=min {Distance[3],Distance[5 J+length[5][3]}
=min{1500,250+1000}
=1250
lteration [Vertex |S Distance
Sl LA |SF |DEN [cHI [BOST|NY [MiA [NO
[0] 1 (21 |B] |[4] 5] |6] [[7]
Initial {4} 400 +00 + | 1500 |0 250 [+ | +e
1| 5 @45 1250
CSIEB0100 Data Structures Course Information 73
Action of Shortest Path
lteration | Vertex | S Distance
S LA [SF [DeEN [cH [BosT[NY [mia [NO
O (01 (@ |[B (@l (B (6] |[7]
Initial 4 {4} +00 +00 |40 (1500 |0 250 |+ | 40
1 5 {45} +00 +o0  [+00 11250 [0 250 | 1150 | 1650
2 6 {456} +00 +00 |40 (1250 |0 250 | 1150 | 1650
3 3 {45,6,3} +%0 +00 12450 (1250 | 0 250 | 1150 | 1650
4 ¥ {45637} 3350 |+ | 2450 | 1250 (0 250 | 1150 | 1650
b 2 {456,372} |3350 |[3250 (2450 1250 (0 250 | 1150 | 1650
6 1 {456,3,721} 13350 |[3250 |[2450 | 1250 |0 250 | 1150 | 1650
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Single Source All Destinations:
Nonnegative Edge Costs (contd.)

= The algorithm is first given by Edsger Dijkstra.
Therefore, it's sometimes called Dijkstra
Algorithm.

= Time complexity
o Adjacency matrix, adjacency list: O(n?)
o Using Fibonacci heap: O(nlogn+e)
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| Directed Graphs

=

——@0—®@

(a) Directed graph with a negative-length edge

A Require the graph has no cycles
55
©O—0——0@

(b) Directed graph with a cycle of negative length
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Single Source All Destinations: General
Weights

= When there are no cycles of negative length, there is

a shortest path between any two vertices of an n-

vertex graph that has at most n-1 edges on it.

o If the shortest path from v, to u with at most k, k>1, edges
has no more than k—171 edges, then
dist‘[u]=dlist<"[u].

o If the shortest path from v, to u with at most k, k>1, edges
has exactly k edges, then it is comprised of a shortest path
from v, to some vertex i followed by the edge </, u>. The
path from v, to i has k—1 edges, and its length is dist“[i].
(figure on next slide)
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| Single Source All Destinations:
General Weights (contd.)
= The distance can be computed in recurrence by
the following:
dist‘[u] = min{ dist*[u], min{dist<[i] +length[i][u]} }
= The algorithm is also referred to as the Bellman-
Ford Algorithm.
= Time complexity:
o Adjacency matrix: O(n3) ‘
o Adjacency list: O(ne)
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Shortest Paths with Negative Edge
Lengths
Kk dist¥[7]
0[1]/2/3/4]5]|6
1]0[6[5[5 oo
2
3
4
5
(a) A directed graph 6
(b) distk
dist’[2]
dist“![u]
e
SR k dist{7]
dist“![i] +length[i][u] 0j1/2/3/4|5|6
dist![0]+length[0][2]=5 1065 5|=|=|=
dist'[3] +length[3][2]=5-2 2| ‘3)2
min(5.5.3)=3 3 ’
4
5
6
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Shortest Paths with Negative
Edge Lengths (contd.)

k dist{[7]
0/1(2|3|4|5]|6
1067£\i‘wwm
2|10[3|3|5T75[4]|=
:K\\x\\
3|0(1|3|5T2|47T7
410/1|3|5|0/41|5
5|10(1|3|5|0|4]|3
6 |0[1|3|5/0(4|3
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|A11—Pairs Shortest Paths

= Floyd-Warshall algorithm

= Notations
o AY[]: is just the lengthli][j]
o A™i][j]: the length of the shortest i-to-j path in G

o AXi][j]: the length of the shortest path from i to j going
through no intermediate vertex of index greater
than k.
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All-Pairs Shortest Paths (contd.)

= How to determine the value of AK[i][j]
a A[i][] = min{ARTi]([j], A<T[i][K] + AT[K][] }, k2 0
= Time complexity
2 O(nd)
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|Example for All-Pairs Shortest-Paths
Problem
Al 6 ¥ 2 AC 10 1 2
0 |0 4 1 0 |0 @ N
1 6 0 2 1 6 0 2
2 |3 = 0 2 3 0
(a) A (b) A
A°[2][1] al o 1 2 a2 lo 1 2
0o |0 @ 0 |o 4 &6
A2)[1]= = © : L G0
AlR]oRAY O34T | N S
min {o0,7}=7 B B
(c) A" (d) A2
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Transitive Closure

= Definition: The transitive closure matrix, denoted
A*, of a graph G, is a matrix such that A*[i][j] = 1
if there is a path of length > 0 from i to j;
otherwise, A*[i][j] = 0.

= Definition: The reflexive transitive closure
matrix, denoted A", of a graph G, is a matrix such
that ATi][j] = 1 if there is a path of length >= 0
from i to j; otherwise, ATi][j] = 0.
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| Graph G and Its Adjacency Matrix A,

+ * 01 2 3 4
A’A ofo 1 0 0 0
110 01 0 0

200001 0

3000 01

40 01 0 0

(b) Adjacency matrix A

01 2 3 4
of1 1 1 1 1]
il 1 11 1
209 1.1 1
3o 9 110
40 0 1 1 1]
(d) A"
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Activity-on-Vertex (AOV) Networks

Definition: Activity-On-Vertex network or AOV
network

o Adirected graph G

o the vertices represent tasks or activities

o the edges represent precedence relations between tasks.
Definition: Vertex i in an AOV network G is a
predecessor of vertex j iff there is a directed path
from vertex i to vertex j.

o iis an immediate predecessor of j iff <i, j>is an edge in G.
o Ifiis a predecessor of j, then j is a successor of i.

o If iis an immediate predecessor of j, then j is an immediate
successor of .
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AOYV Networks (contd.)

Definition: A topological order is a linear
ordering of the vertices of a graph such that,
for any two vertices jand j, if i is a
predecessor of j in the network, then i
precedes j in the linear ordering. (i.e. a linear
order which is consistent with all precedence
relationships.)

CSIEB0100 Data Structures Graphs 88

Note 44



CSIEB0100 Data Structures

An AOV Network of Courses

Course Course name Prerequisites
number
C1 Programming | None
Cc2 Discrete Mathematics None
C3 Data Structures c1,C2
C4 Calculus | None
C5 Calculus I C4
c6 Linear Algebra c5
C7 Analysis of Algorithms C3.C6
C8 Assembly Language C3
C9 Operating Systems C7,C8
c10 Programming Languages c7
C11 Compiler Design c10
C12 Avrtificial Intelligence c7
C13 Computational Theory Cc7
ci14 Parallel Algorithms C13
Ci15 Numerical Analysis c5
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| An AOV Network (Fig 6.36)

) © e c1s
CSIEB0100 Data Structures Graphs 90

Lecture 7: Graphs
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Action of Program 6.11(Topological
Sorting) on an AOV Network(Fig 6.37)

Pick a vertex v that has no predecessors (i.e., in-degree=0)

2 33 N
®

@—® ®
(@) Initial (b) Vertex 0 deleted (c) Vertex 3 deleted
@ .\@ ®
®

(d) Vertex 2 deleted (e) Vertex 5 deleted (f) Vertex 1 deleted
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| Using Adjacency List

count first data link

[0] REE—

[1]1 [ 1 [ ——1410]

2] |1 | ——1415—1510]

3] L1 | ——5I=—1{410]

4] | 310 @

5] 2\ 0 & @@
Initialized to the in- @ @

degree of vertex
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An AOE Network

Edge: activity
Vertex: event
Weight: duration

event |interpretation

0 Start of project

1 Completion of activity a,

-4 Completion of activities a, and ag
7

8

Completion of activities ag and aq
Completion of project
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AOE Network

A path of the longest length is a critical path

The earliest time that an event / can occur is the
length of the longest path from the start vertex 0
to the vertex i

The earliest time an event can occur determines
the earliest start time for all activities represented
by edges leaving vertex i. (denoted by e(i) )

For every activity a,, let the latest time that an
activity may start without increasing the project
duration be /(i).
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AOE Network (contd.)

= All activities for which e(i)=I(i) are called critical
activities

= Foreventj:
o Earliest event occurrence time: eefj]
o Latest event occurrence time: lefj]

= If activity a; is represented by edge <k,/>, we
can compute: a
o e(i) = ee[k] '\"

a I(i) = le[l] - duration of activity a;
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| AOE Network (contd.)

= Calculation of ee[j] and le[j]
a P(j) is the set of all vertices adjacent to vertex j
a S(j) is the set of all vertices adjacent from vertex j

ee[j]= max{ee[i ]+ duration of <17, j >}, where

i€P())
ee[0]=0
le[ j]= min{]e[i] — duration of < j,7 >}, where
ies(j) _ - S0)
PG) -~ R
le[n—1] = ee[n —1] [ N
| | \ =1
= Using topological order hEte N
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CSIEB0100 Data Structures

Lecture 7: Graphs

Adjacency Lists for Figure 6.38 (a)

=—2aan=——F 3N s o

countfirst  vertex dur  link

0] 10| ——{116]
M 1| {4111
2] (1| ——14T1]
[3] [
4 |2 —T1-1619]
5] 11| {7 14]
6] |4 | ——{812]
7 (2| ——{8T4]
(8] (210

Figure 6.38

ag =

Graphs 97

| Adjacency Lists for Figure 6.38 (a)
countfirst  vertexdur link

o] 0| =—itlelr——12 2 35[0

1] [ 1 Al e

2] S — e

[3] SRR

(4] ESiE=—(eH e — SN on)

[5] L2 [774710]

[6] 2 __'l 8 | 2 | 0 | a,;=6 Gl a4—1/ B =2

[7] B o - =4 @ a;==97 [® finish

81 [2]0 NN 5

Figure 6.38 ) _§
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Computation of ee e um e T
-degree=0
are placed in stack

v
ee [O1|[M][ (21| [3]] [4] | 51 | [6] | [7] | [8] | Stack
Inital |0 |0 |0 [0 |O |0 |0 |0 |0 [[0O]
output0 |0 (6 |4 |5 |0 [0 |0 |0 |0 |[3,21]
output3 |0 (6 |4 |5 |0 |7 |0 |0 |0 |[5,21]
output5(0 (6 |4 |5 |0 |7 |0 |11 |0 |[21]
output2 |0 (6 |4 |5 |5 |7 |0 |11 |0 |[1]
output1|0 (6 |4 |5 |7 |7 |0 |11 |0 |[4]
output4 |0 (6 |4 |5 |7 |7 |16 |14 |0 |[7.6]
output7 |0 (6 |4 |5 |7 |7 |16 |14 |18 |[6]
output6 |0 (6 |4 |5 |7 |7 |16 |14 |18 |[8]
output 8
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| Critical Path Analysis
= AOE graph
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Critical Path Analysis (cont.)

= Earliest completion times: longest path
o computed by topological order
o EE=0
o EE,=max(EE,*+D,,,)
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Critical Path Analysis (cont.)

= Latest completion times:
o latest time without affecting final completion time
o computed by reverse topological order
o LE=EE,,
o LE,=min(LE,, - D, )
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Critical Path Analysis (cont.)

= Slack time(w) = LE,, - EE,,
= Critical path = zero slack time
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| Social Network Analysis (SNA)

= Social network analysis (SNA) is to discover
patterns underlying social network.

= Replies on networks and graph theory.

= It can be used to analyze the social structure,
relationships, interactions, ... even the roles of
actors(nodes) in the network.

= SNA has emerged as a key technique in modern
sociology, economics, communication studies,
organizational studies, ...

= Even in fighting terrorism!
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CSIEB0100 Data Structures

Lecture 7: Graphs

connections.

SNNA — Centrality Measures

= To analyze which nodes(actors) are more
important (or most important) in the network.

= Degree centrality — # edges connected to a node

= Closeness centrality — measure how close a
node is to other nodes.

= Betweenness centrality — measure the fraction of
paths that connect all pairs and include the node.

= Eigenvector centrality — mearue not only the
connection degree but also the quality of
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|SNA —
Centrality
Measure

Introduction to Social Network Analysis | Basics and Historical Specificities

Chapter 1. Main concepts
Qo

800 ® ©
o o @
@

Degree centrality @ @O

Number of connexions O

0]@)

“o

®
e .
O
0® @ e
) ° o
@
Closeness ..

centrality @)
Average distance to
all other vertices

@

OO  Betwenness

tralit
C @ ® Ic’:rii?tcf\aor: l{e
shortest paths
.B
2o e 0
@
e. ® O
@ ®
O
OO
QO
Q. o O
®
29 e—e
@ o 0]
L=
; °®
Eigenvector @
centrality )

Authority score based on
the score of the neighbors
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